The highly populated, low-energy excitations of a scalar field of mass ma ∼ 10 −22 eV can represent the full dark matter content of the universe and alleviate some tensions in the standard cosmological scenario on small-scales. This fuzzy dark matter component is commonly assumed to arise as the consequence of a new axion-like particle in the matter sector, yet for simplicity it is usually modeled in terms of a simple free quadratic field. In this paper we consider how the cosmological constraints are modified when the effects of an instanton potential and temperature-dependent mass are included. Current isocurvature and tensor bounds confirms that this particle should be formed before the end of a low-scale inflation period with Hubble parameter HI 2.5 × 10 12 GeV, in accordance with previous free-field analysis. The axion decay constant, fa, which fixes axion couplings, appears in the instanton potential and determines the relic abundance, the stability of galaxy cores to axion emission, and the direct searches of fuzzy dark matter. If the axion mass is T -independent, we find that fa 10
I. INTRODUCTION
New numerical cosmological simulations support the idea of a scalar particle of mass m a ∼ 10 −22 eV representing the full dark matter (DM) content of the universe [1] -see Refs. [2] for related work, and [3, 4] for recent reviews. At large scales the coherent macroscopic excitation of an ultralight scalar particle can mimic the behavior of a cold dark matter (CDM) component [5] . At the scale of galaxies, however, this new particle could alleviate by means of its macroscopic wave-like properties some of the classic "discrepancies" of the standard cosmological scenario [3, 4, [6] [7] [8] .
In this paper we explore the cosmological production of ultralight scalar DM particles with a mass of the order m a ∼ 10 −22 eV. We concentrate to the case in which all the particles are generated through a vacuum misalignment in the early universe [5] . Other contributions could exist coming from the decay of cosmic strings and/or thermal relics, see e.g. Refs. [9, 10] . However, as we will find next, in order to be consistent with the nonobservation of tensor modes in the cosmic microwave background (CMB) it is necessary that such contributions be diluted to almost zero during inflation, and for that reason we do not need to consider them here.
It has long been known that light scalar particles bring (un)naturalness issues. These issues could be alleviated, however, if we think on those fields as pseudo NambuGoldstone (pNG) bosons. The QCD axion, introduced by Peccei and Quinn [11] to solve the strong CP problem in quantum chromodynamics (QCD), represents a particular realization of a pNG scenario [12, 13] , but a plethora of light scalar particles appear also in the context of the string axiverse [14, 15] . An axion-like particle is characterized by two energy scales. On the one hand the axion decay constant, f a , which may be also related to the scale at which a global Peccei-Quinn (PQ)-like symmetry is broken spontaneously. On the other, the scale at which the symmetry is broken explicitly, µ, generically due to the presence of global anomalies in the quantum theory. These two energy scales contribute to the mass of the scalar particle in the form m a ∼ µ 2 /f a [16] . In terms of galaxy properties, the most important factor is simply this mass coefficient. Current astrophysical analysis are becoming increasingly sophisticated and place interesting bounds on the particle mass [1, 3, 4, 17] , but they are otherwise insensitive to the fine details of the model. In this paper we make a connection between particle physics model parameters, the axion relic abundance, structure formation, and the theory of inflation to see if these considerations can drastically alter the interpretation of the previous astrophysical modeling.
Three parameters mainly determine the (non-thermal) relic abundance of axion particles [18] [19] [20] [21] [22] : the axion decay constant, f a , the Hubble parameter at the end of inflation, H I , and the initial value of the misalignment angle, θ i . Here we constrain the model parameters assuming that the ultralight particles make up the totality of the CDM in the universe, using the the relic density and the upper bounds on the uncorrelated isocurvature and tensor amplitudes as reported by Planck (2015) in Ref. [23] (a full study using axionCAMB [6, 7] is beyond the scope of this work).
In general the relic abundance of an ultralight scalar is sensitive to the details of how the mass term is generated at the scale of the explicit symmetry breaking. We parameterize this process via the temperature dependence of the axion mass, and show that general conclusions can still be drawn despite unknown specifics of the model. All that we assume is a period of cosmic inflation, but otherwise the conclusions are not sensitive to the details of what happened before Big-Bang nucleosynthesis (BBN).
Previous arguments based on an idealized misalignment production point to an axion decay constant of order f a ∼ 10 17 GeV, but if this parameter could be consistently lowered by the nonlinear/temperature-dependent properties of the potential, this may have important consequences both for astrophysics [24, 25] and direct detection probes [26] . Another interesting consequence of an instanton potential and a T -dependent mass is that, in general, the characteristic suppression scale on the mass power spectrum is not necessarily correlated with the size of galaxy cores in this model. This is because the matter density profiles of galaxies is essentially only sensitive to the zero-temperature mass of the particle, whereas the nonlinear and T -dependent properties of the potential can move the position of the cut-off in the power spectrum to smaller wavenumbers. These and other interesting cosmological signatures of a realistic axion potential will be discussed along the text.
The paper is organized as follows. In Section II we overview the model and introduce our mass parametrization. We use this to codify possible observational signatures coming from a realistic potential term, at the level of the cosmological background, Section III A, as well as the linear perturbations, Section III B. Then in Section IV we use the observed value of the relic density, the current upper bounds for the amplitudes of tensor and isocurvature modes, and some general arguments on structure formation to constrain the parameters of the model. Finally we conclude in Section V with a discussion. Some additional information regarding how the cosmological observables are related to a period of inflation, and the effects of the nonlinear terms on the axion mass density can be found in the appendices.
II. THE MODEL
The mass of a scalar particle m gets radiative contributions from its interactions with the other constituents of the standard model of particle physics, and grows quadratically with the highest energy scale Λ SM at which the model is valid,
. It is then difficult to imagine a scalar particle of mass m s Λ SM , where Λ SM is usually identified with the Planck scale. Symmetries can alleviate this situation. For instance, supersymmetry transforms the quadratic running of the mass to a logarithmic one, making it easier to understand e.g. why the mass of the Higgs boson is so low when compared to the Planck scale [28] . However, even in this scenario, the masses of the scalar particles are expected to be of the order of the supersymmetry-breaking-scale, Λ SUSY ∼ 1 TeV, very far from the 10 −22 eV considered in Refs. [1] .
Scalar particles of masses much lower than this scale can naturally appear, however, in the context of the pNG bosons [11] . In its simplest realization a global U (1) symmetry is spontaneously broken at an energy scale f a by the vacuum expectation value of a complex scalar, φ(x) = (f a / √ 2)e iθ(x) . The effective theory describing the Goldstone bosons is invariant under shift transformations, θ → θ+const, and then these particles are massless. (The excitations of the radial mode have mass of order f a and do not contribute to the low energy spectrum.) Furthermore, if the whole underlying theory respects the U (1) symmetry, then all the couplings of the Goldstones to additional fields also needs to satisfy this shift symmetry, and thus perturbative quantum effects cannot give mass to these particles.
Instanton effects and other non-perturbative physics, however, can break this symmetry explicitly down to θ → θ + 2π/N (for some integer N ), leading a potential term µ 4 V (θ) to the field θ. With no loss of generality one usually choses the minimum of the potential at θ = 0, with −π/N < θ < π/N measuring the misalignment angle with respect to the equilibrium state. Here µ is the scale of the explicit symmetry breaking, and by construction V (θ) = V (θ + 2π/N ). The potential provides the would-be-Goldstone particles of an effective mass, that is now protected against radiative corrections from any possible interaction with the other particles. If we canonically normalize the kinetic term, and absorbing the integer N into the axion decay constant and misalignment angle (i.e. from now on we will use f a and θ to denote f a /N and N θ, respectively), the effective low energy degrees of freedom in the theory can be finally described in terms of the Lagrangian density
where a = f a θ is the axion-like pNG particle. Expanding the potential term to the quadratic order in the axion field we can easily identify m a = µ 2 /f a as the mass of the pseudoscalar particle. Note that the particular cosine form of the potential holds strictly in the semiclassical or dilute gas limits at lowest order in the instanton expansion, and for the QCD axion a more accurate potential can be obtained in chiral perturbation theory [29, 30] .
In the case of the QCD axion we have that µ 4 ≈ m u Λ 3 QCD . Here m u is the u-quark mass and Λ QCD the QCD strong-coupling scale, and then µ ≈ 200 MeV. The axion decay constant f a , however, is only mildly constrained by standard model interactions, leading to a range of allowed masses 10 −10 eV m a 10 −3 eV [31, 32] . For a generic axion the parameters µ and f a are both in principle arbitrary, but they are related by the actual mass of the scalar particle, expected to be of the order µ 2 /f a ∼ 10 −22 eV [1] . If one imposes the condition
18 GeV (where m Pl = M Pl / √ 8π is the reduced Planck mass), this restricts the scale of the explicit symmetry breaking to be less than around a keV to obtain the desired mass.
This scenario where non-perturbative physics is behind the appearance of a scalar particle of light mass provides one possible realization of the general picture we want to explore in this paper. However, there are at least two other possibilities for generating an ultralight axion-like particle, both giving rise to an effectively T -independent potential. The first one (also in the context of a field theory) follows the template of the accidental axion, where the global U (1) symmetry is not exact but, instead, arises at leading order as a consequence of an underlying discrete Z N symmetry, e.g. [33, 34] . The potential is now generated at some UV energy scale Λ UV that breaks the global symmetry, however, since the symmetry breaking operators appear only at very high order, we expect that µ Λ UV , lower orders being forbidden by the discrete symmetry. Again this guarantees the appearance of light scalar particles, but in this case the potential is independent of the temperature in the low-energy theory at temperatures of order T ∼ µ.
The second possibility for an effectively T -independent potential arises in string/M-theory and other higher dimensional supergravity theories [14] . In such models the axion fields descend from the geometry as the pseudoscalar partners of the moduli σ demanded by supersymmetry. The moduli acquire potentials at the supersymmetry-breaking-scale, Λ SUSY ∼ m 3/2 1 TeV, where m 3/2 is the gravitino mass. The axion, however, acquires a mass term much below this scale, with µ ∼ m 3/2 M Pl e −Qσ m 3/2 . Here Q ∼ 2π/α GUT is an instanton charge, and α GUT ∼ 1/25 the grand unified coupling [4, 35] , with σ ∼ O(1). The instanton potential may be resummed assuming modular invariance as a Dedekind eta function, e.g. Ref. [36] , with any temperature dependence restricted to the supersymmetry breaking dynamics in the UV.
Each of the three scenarios above provide possible particular realizations of the DM axion discussed in Refs. [1] . The temperature dependence of the potential can affect the axion relic abundance, and we must account for this possibility. For instance, consider the case of a potential generated by the transition to a strong coupling regime, following the template of the QCD axion. Then, at temperatures much lower than the energy scale of the explicit symmetry breaking, T µ, we know that m a (T ) = m a (T = 0) = m a . At higher temperatures, µ T f a , on the contrary, the axion is effectively massless, m a (T ) = 0. The task is then to model how these two asymptotic regimes are connected at temperatures of the order T ∼ µ.
To proceed we will make the following choice which parameterizes the range of possibilities for the origin of the scalar potential: The coefficient n in Eq. (2) codifies the sharpness of the phase transition: for n = 0 the mass term is independent of the temperature, whereas for n 1 the change of m a (T ) is abrupt at T ∼ µ; see Figure 1 for details. The value of the axion relic density depends on the parameter n. However, as we will show next, this quantity is not very sensitive to the peculiarities of the potential at temperatures around the scale of the explicit symmetry breaking, although these fine details could have leaved some imprints on large scale structure accessible to observations.
The value of the index n can be computed once a specific particle content for the sector giving rise to the axion mass is fixed: gauge group of the strongly coupled sector, number of fermions, etc. For the QCD axion, the most simple "dilute instanton gas" calculation gives n = 4 [37] , while the "interacting instanton liquid" n ≈ 3.34 [20] , and lattice calculations n = 3.55 ± 0.30 [38] . For a string or an accidental axion, however, n = 0.
While the present work was in preparation, Ref.
[39] appeared, presenting a model for ultralight axions in a hidden-sector copy of QCD dubbed µ-QCD, with index n = 11/3 in the dilute instanton gas approximation under the assumption of a minimal matter content. Additional sterile neutrinos and a period of mild thermal inflation are necessary to avoid dangerous relics, and the model predicts ∆N eff ≈ 0.25 extra relativistic degrees of freedom in the CMB, which could easily be detected by CMB-S4 [40] .
III. COSMOLOGY
An instanton potential and a T -dependent mass can modify previous constraints on the model [3] . Now we use the parametrization in Section II to explore how the new terms in the potential can affect ultralight axion cosmology.
A. Background evolution
In a homogeneous and isotropic universe the dynamical evolution of the misalignment angle is described in terms of the equationθ
Here the dot denotes the derivative with respect to the cosmic time, H(T ) is the Hubble parameter as a function of the temperature, and m a is the mass of the scalar particle. Note that the expression in Eq. (3) is valid only for small values of the misalignment angle, |θ| 1, when the potential is approximately harmonic, and as long as the axion mass does not vary with the temperature. The nonlinear T -dependent contributions will be considered later in this section and in more detail in Appendix A. There are two different regimes for the solutions to Eq. (3), depending on the relative values of the Hubble expansion rate, H(T ), and mass parameter, m a . At high temperatures the scalar particle is effectively massless. There are two linearly independent solutions to Eq. (3) when m a = 0: one of them decays with the cosmological expansion and is irrelevant for our considerations in this paper; the other remains constant and fixes the "initial" value of the misalignment angle, θ = θ i .
In the linear theory the axion field is frozen at θ = θ i until the mass and Hubble terms satisfy
and the misalignment angle starts to oscillate. Here as in many other places along the paper the equal sign should be taken as an indicative of an "order of magnitude." For a DM component this necessarily occurs during radiation domination, so we can approximate
where g * (T ) is the total number of effectively massless degrees of freedom contributing to the energy density [12] .
As we argue next, we can concentrate to temperatures below a MeV, and then write g * (T ) ≈ 3.36. Introducing the expression for the Hubble parameter in Eq. (5) into Eq. (4), the temperature T free osc gets fixed to
Here and below we use m a = m 22 × 10 −22 eV. An instanton potential and a T -dependent mass can make that the temperature T free osc at which 3H(T free osc ) = m a does not necessarily coincide with the temperature for the onset of field oscillations, T osc , and there could be some delay in T osc with respect to the value in Eq. (6) if the initial misalignment angle is large enough, |θ i | 1, or if the axion mass varies significantly with the temperature around T ∼ T osc , n = 0 in Eq. (2) . At the effective level it is possible to parametrize these nonlinear T -dependent effects in terms of an expression of the form
where
Here f * a = 0.550 m Pl is a characteristic scale in the theory for the axion decay constant, and θ * i a distinctive value for the initial misalignment angle to be defined next in Eq. (10). Different authors have considered different expressions for the function f (θ i ), see for instance [41] [42] [43] [44] . However, the qualitative features of the final results are not very sensitive to the particular choice. We find it convenient to work in terms of
which sets the characteristic angle θ * i to
With no loss of generality we have assumed 0 < θ i < π.
More details are given in Appendix A.
Note that if the initial misalignment angle is small, θ i π, then f (θ i ) ≈ 1, and the effect of the nonlinear terms in the potential is negligible, as expected. If on the contrary the initial angle approaches the critical value at θ i = π, the function f (θ i ) in Eq. (9) grows indefinitely, and the delay due to the anharmonicities can be very large.
Another possible source of delay in T osc comes from a T -dependent mass in the potential term. If f a ≥ f * a , i.e. µ ≥ 366m 1/2 22 eV, the shift symmetry is broken so early in the history of the universe that the value of T osc is not sensitive to the temperature dependence of the potential,
22 eV, the value of T osc depends crucially on the particular choice of m a (T ) and the initial value of the misalignment angle. In terms of the parametrization in Eq. (2), we obtain that, if n = 0, the mass term does not change with the temperature, and again any variation of T osc with respect to T free osc should come at the expense of the anharmonicities in the potential,
If on the contrary n 1, the change in the mass is so sharply located around the scale of the explicit symmetry breaking that, as long as the initial misalignment angle remains relatively small, θ i < θ * i , it is the scale of the breakdown of the shift symmetry that determines the onset of field oscillations, T osc ≈ µ. If the initial angle is large enough, θ i ≥ θ * i , however, the onset of field oscillations cannot feel the variations in the mass, even when f a < f * a , and (10), so this last possibility is very unlikely in practice for low f a models. We can then conclude that, unless the parameter f a lies close to the Planck scale, the temperature dependence of the mass is always relevant. Furthermore, e.g. f (θ i = 3.14) = 7.20, not very far from unity, so the T -dependent terms usually dominate unless there were an extreme fine tuning of the initial conditions.
The expression in Eq. (7) is valid as long as the mass of the scalar particle is less than about 10 −15 eV, and then it is general for ultralight axion DM candidates, but it does not apply for e.g. the QCD axion. For particles with a mass larger than 10 −15 eV the value of T osc grows above a MeV, and we need to take into account that the effective number of relativistic species g * (T ) varies with the temperature. For lighter candidates, however, the temperature at the onset of field oscillations is always less than a few hundred of eV, so the axion is still frozen at BBN, T BBN ∼ 1 MeV. This guarantees the validity of the expression in Eq. (5), with g * (T ) ≈ 3.36, and then the results of this paper are not sensitive to the unknown details of what happened between inflation and BBN, up to uncertainties on ∆N eff , e.g. [35] .
Let us compute the contribution of the misaligned vacuum to the matter content of the universe as measured by an observer comoving with the expansion. In order to do so we need to obtain first the number density of particles around T osc using the expression [18-22, 41, 42] 
where the brackets makes reference to some spatial averages to be defined soon. From Eq. (11), and imposing the conservation of the comoving axion number density with the cosmological expansion once field oscillations start, n mis a (T )/s(T ) = const, we obtain that the energy density in axions today, ρ 
with m a (T 0 ) = m a . Here T 0 ≈ 2.7255 K is the temperature of the CMB photons at the present time [45] , and we have used the expression s(T ) = (2π 2 /45)g * S (T )T 3 for the entropy density in the universe, where g * S (T ) counts for the total number of effectively massless degrees of freedom contributing to the entropy density. In the standard cosmological scenario and for the low temperatures of interest this quantity remains constant and fixed to g * S (T ) ≈ 3.91 [12] . Dividing Eq. (12) by the the critical density today, ρ c = 3H 2 0 /(8πG), and taking into account the expression in Eq. (7) for T osc , we finally obtain
Here Ω
and accounts for the nonlinear T -dependent contributions to the dynamical evolution, now at the level of the number/energy density. Apart from this function Eq. (13) coincides with its harmonic T -independent counterpart, so we can then look at F na as a "recalibration" of the initial value of the misalignment angle necessary to obtain the correct result. Note that even if it is not explicit in Eq. (13), the dimensionless density parameter scales with (
The contribution of the misaligned vacuum to the energy density depends crucially on the value of F na θ 2 i , and in particular on when was the global symmetry spontaneously broken and the axion field formed [18] . Next we explore in some detail the two different possible scenarios.
1. Scenario A: The symmetry is spontaneously broken after the end of inflation, fa < HI /(2π)
As long as the axion field was formed after the end of inflation, the initial misalignment angle θ i will take different values along the observable universe. If we consider that they are distributed randomly along the interval (0, π), and average over all the possible outcomes,
we obtain a number that depends on the particular values of the parameters f a and n, but that is otherwise a fixed constant in the theory.
Scenario B:
The symmetry is spontaneously broken before the end of inflation, fa > HI /(2π)
According to the standard cosmological picture the whole observable universe comes from a single (nearly) homogeneous and isotropic patch at the end of inflation. Then, if the axion field was formed before the end of this period (and assuming that the reheating temperature does not restore the PQ symmetry after inflation; if so see Scenario A), the misalignment angle will be described in terms of a unique initial value θ i . Superimposed to this value there are quantum fluctuations of variance [H I /(2πf a )]
2 [18, 42] . Combining these two contributions we obtain
The quantity H I /(2πf a θ i ) is tightly constrained by the cosmological observations, see Appendix B for details, and this term will be disregarded soon. However, now the initial misalignment angle can take any value in the range (0, π). Then, as long as f a > H I /(2π), the quantity
in Eq. (13) is essentially a dimensionless constant, the natural range of which is determined by the allowed tuning of θ i .
B. Structure formation
Axions and other light particles in the universe prevent the growth of cosmic structure and suppress the mass power spectrum below a characteristic length scale. For appropriate model parameters, this length scale could be of astrophysical interest, making it possible to leave some signatures on the cosmological observables.
In the early epoch of the universe the Hubble parameter acts as a friction term that inhibits the potential gradients in the Klein-Gordon equation. The field is then frozen, and perturbations cannot grow. When field oscillations start, however, Jeans instability is released and cosmic structure emerges, but those modes with a wavelength shorter than the size of the Hubble horizon at that time have been erased [46] . Then, if the particles are generated through the misalignment of the vacuum in the early universe, the characteristic scale that fixes the cut-off in the mass power spectrum is determined by the size of the Hubble horizon at the time when field oscillations started (compare this with a thermal candidate, where this scale is determined by the particle horizon at the time when the thermal relic became nonrelativistic).
The Hubble horizon (in physical coordinates) is of the order of the inverse of the Hubble parameter at a given time, H −1 . The field starts rolling during the radiation dominated era, at T osc < MeV, so the value of the Hubble horizon at the onset of field oscillations can be easily obtained from Eq. (5), making T = T osc and g * (T osc ) ≈ 3.36. Thenceforth, this length scale has grown with the scale factor as the universe expands, H −1 osc (a) = H −1 (a osc )a/a osc , where a osc = a(T osc ). For a universe in adiabatic expansion, T (a) = T 0 /a, and a/a osc = T osc /T . Working in terms of wavenumbers instead of length scales, k cut-off = H osc (a = 1), we can write
Introducing the expression for T osc as reported in Section III A into Eq. (17), and after some algebra, we finally obtain
where k free cut-off = 3.35m
is the scale of the cut-off for a T -independent, harmonic potential. For a DM axion of mass m a ∼ 10 −22 eV, the characteristic sign in the linear power spectrum at a Mpc scale has been previously identified (sometimes in an independent way) many times in the literature [3, 4] . In galaxies, this same mass parameter fixes the characteristic size of the cores to the scale of a kpc. However, an instanton potential with a T -dependent mass makes it possible to release this classic correlation between cosmological and astrophysical observations. While the size of the galactic cores is only sensitive to the zero-temperature mass of the particle, the suppression scale on the mass power spectrum can be moved to larger physical length scales by means of the anharmonic, and mainly temperature-dependent, corrections to the axion potential in the early universe. We explore this in more detail in Section IV.
IV. COSMOLOGICAL AND ASTROPHYSICAL CONSTRAINTS
The main results of this paper are summarized in Figure 2 , where we show, for the two limiting cases in Eq. (2), n = 0 and n 1, the constraints that appear on the parameters of the model if an axion-like particle of mass m a ∼ 10 −22 eV constitutes the totality of the DM in the universe.
Note that the figures are divided by a transverse line, f a = H I /(2π), in two different regions, corresponding to the two different analysis carried out in Sections III A 1 and III A 2. We should look at these two regions in a different way.
For the parameters below the line f a = H I /(2π), Scenario A, the PQ symmetry is broken after the end of inflation, and the quantity F na θ 2 i in Eq. (13) is fixed to a constant value, see Eq. (15) and the discussion below. In this case the amount of mass density in pNG bosons depends only on the axion decay constant, f a , and not on the value of the Hubble parameter at the end of inflation, H I . The upper dashed line to the right of the curve f a = H I /(2π) corresponds to the particular value of the parameter f a such that the energy density in the misaligned vacuum accounts for the totality of the observed 1. In both cases we have fixed the axion mass to ma = 10 −22 eV. Note that current cosmological observations exclude Scenario A, no matter the details of the mechanism giving rise to the axion mass. Scenario B, on the contrary, is still viable as long as the initial value of the misalignment angle is chosen appropriately (white area on the top-left quadrants of the two panels). Note that the constraints from the linear power spectrum only affect fine tuned scenarios.
CDM in the universe, Ω mis a h 2 = Ω CDM h 2 ≈ 0.12 [23] . For values of f a above this line we have Ω mis a > Ω CDM , and then this region of the parameter space is excluded by observations. For values of f a below the dashed line, on the contrary, we have Ω mis a < Ω CDM , and then the energy density in the misaligned vacuum cannot account for the totality of the CDM.
For the parameters above the line f a = H I /(2π), Scenario B, the pNG boson is formed before the end of inflation, and the value of F na θ 2 i in Eq. (13) is essentially an arbitrary positive definite constant, see Eq. (16) above. Note that in this scenario the amount of mass density in axions depends not only on the scale energy f a , but also on the value of the Hubble constant at the end of inflation, H I . Now, for a particular value of the axion decay constant f a , we can always fix the initial misalignment angle θ i in the appropriate way such that the mass density in scalar particles of mass m a ∼ 10 −22 eV constitutes the totality of the CDM in the universe, Ω The shaded areas in Figure 2 represent regions in the parameter space that have been excluded by different observations. In particular, the area colored in green comes from the amplitude of the (non-observed) tensor modes, H I < 5.206 × 10 14 GeV, see Eq. (B4), whereas the area in blue from the amplitude of the (also non-observed) isocurvature perturbations, H I /(|θ i |f a ) < 2.885 × 10 −5 , see Eq. (B8). More details about inflation and its relation to the cosmological observables can be found in Appendix B.
We can also impose a very loose bound on the axion decay constant by demanding that, on linear scales, k < 0.1 h Mpc −1 , the mass power spectrum should not deviate significantly from the standard CDM prediction (far stronger constraints can be obtained in the nonlinear regime, but this requires more modeling uncertainty). Fixing the dimensionless density parameter in axions to Ω mis a h 2 = Ω CDM h 2 ≈ 0.12, we obtain f a 2.5m −1
× 10
14 GeV for the case of a T -independent mass, n = 0, whereas f a 5.8m
14 GeV if n 1. Note that this constraint is tighter than the one that appears by imposing a CDM background at matterradiation equality, T osc 0.5 eV, while keeping the condition of a total DM axion content, f a 1.4m
12 GeV if n = 0, and f a 2.5m
GeV for a potential with a sharp T -dependence, n 1. These constraints appear delimited in red in Figure 2 with the labels "linear power spectrum" and "CDM at equality", respectively.
Compare this with the much lower astrophysical bounds arising from a possible coupling to photons, g aγ 5 × 10 −12 GeV, as suggested by an analysis of the (lack of a) gamma ray signal from supernova SN1987a [47] ; see Section 9 in Ref. [3] for more details on other nongravitational constraints. Taking g aγ = α EM /(2πf a ), where α EM = 1/137 is the fine-structure constant, we obtain f a 2 × 10 8 GeV. This bound appears in yellow in Figure 2 .
Finally, the area colored in magenta in the bottomright quadrants of the two panels of Figure 2 represent the parameter space that is excluded by relic density observations (over-or infra-production of axions).
If PQ symmetry breaking occurs after the end of inflation, f a < H I /(2π), there is a region of the parameter space (H I , f a ) allowed after imposing constraints from tensor modes. Comparing the left and right panels of Figure 2 , we see that this imposes Ω a h 2 9.9 × 10 −7 in the n = 0 case, and Ω a h 2 8.6 × 10 −5 if n 1. Thus, in Scenario A, the particles in the misaligned vacuum cannot provide a significant amount of the relic density, and this mechanism cannot explain the origin of the coherent state considered in the simulations of Refs. [1] . Other contributions to the mass density in the form of string decays and/or thermal relics could also exist if the PQ symmetry is restored after the end of inflation. Ultralight axion thermal relics would contribute as hot DM, and they are not relevant for our purposes in this paper. Remnants from cosmic defects can however contribute as CDM, but its abundance is usually expected to be of order one when compared to the misalignment production. Increasing the mass of the particle to m a ∼ 10 −16 eV can make it possible to reach the critical density expected for a DM component in Scenario A, but loosing the success of the model when addressing the small scale discrepancies of the standard CDM paradigm.
On the other hand, if PQ symmetry is broken during inflation, f a > H I /(2π), then an ultralight axion of mass m a ∼ 10 −22 eV can constitute the totality of the observed DM in the universe, as long as the initial misalignment angle is chosen properly and inflation occurs at a scale H I 2.5 × 10 12 GeV. Such a low value of the Hubble parameter corresponds to a tensor-to-scalar ratio of order r 10 −5 , inaccessible to near-future ground-based CMB telescopes [40] .
1 This conclusion is not sensitive to the details of the phase transition at the scale of the explicit symmetry breaking, as can be appreciated in the two limiting cases illustrated in the two panels of Figure 2 . Notice that if the axion mass does not depend on the temperature, and in order to avoid a fine-tuned initial condition around θ i = π, we need f a to lie not far from the Planck scale, f a 5 × 10 −3 m Pl . In terms of the the explicit symmetry breaking that implies 1 eV < µ < 100 eV, around the scale of neutrino physics. This is an order of magnitude lower than the value expected from the harmonic approximation. Temperature dependent effects can easily decrease this lower value even another order of magnitude, see right panel in Figure 2 .
However, in general, an instanton potential and a Tdependent axion mass delay the onset of field oscillations, and this can only increase a mild tension previously identified in Ref. [17] from the comparison of the results obtained by analyzing independently observations carried out at different scales. On the one hand, high redshift galaxies suggest a lower bound for the axion mass of m cos a 1 × 10 −22 eV [50] (or even higher [51] ), whereas a detailed analysis of the internal stellar dynamics in dwarf spheroidals find a better agreement with m astro a < 0.4 × 10 −22 eV [17] . The possible nonlinear, T -dependent contributions associated to a realistic ax-1 Delensing the CMB can lead to substantial improvements on constraints to the scalar-to-tensor ratio [40] and other cosmological parameters [48] , and combined with the (to be observed) 21cm power spectrum could, in principle, give access to values of this ratio as low as r ∼ 10 −9 [49] .
ion potential can only increase the value of m cos a while leaving m astro a unaffected, aggravating the situation even more. This seems to suggest that, in practice, any nonlinear and/or temperature-dependent imprint of the potential term into the cosmological observables should be very small, at least if the core/cusp and missing satellites problems want to be addressed simultaneously.
For the case of a string axion, or an accidental one, the potential appears naturally T -independent, and there should not be any signal unless the initial misalignment angle were unnaturally fine tuned around the critical value θ i = π, and then f a 10 16 GeV. In the case of a mass term generated through the transition to a strong coupling regime, however, a T -dependent potential could have leaved some interesting imprints on larger f a scenarios, accessible only through observations of the nonlinear mass power spectrum.
V. DISCUSSION AND CONCLUSIONS
The fuzzy DM model is today both popular and intriguing. Quantum mechanics together with current cosmological observations point to m 10 −22 eV as an absolute lower bound for the mass of a DM particle. Exploring the edge of this bound offers the possibility to observe exotic wave-like effects on galaxy formation, which could one day lead to a preference for fuzzy over CDM. Halo density profiles are only sensitive to the zero-temperature mass of an axion-like particle. However, possible interactions with standard model particles, and with the axion field itself, are determined by a second parameter, the axion decay constant, f a . In this paper we have determined the range of possible interaction strengths for a fuzzy DM component using an instanton model for the axion potential and a possible temperature dependence of the mass, applying constraints from relic density, structure formation, and CMB tensor and isocurvature modes.
An ultralight axion could be realized in a natural manner if a global PQ-like symmetry is "accidental", descending from a fundamental discrete symmetry [34] , or localized in a hidden sector version of QCD with a low confinement scale [39] . In the first of these cases the axion mass is effectively T -independent, while in the second one non-perturbative effects "switch on" the mass at some low energy scale µ, with m a ∝ (T /µ) −n at temperatures of order T ∼ µ.
For an axion in field theory we expect the global PQ symmetry to be linearly realized at temperatures above f a , allowing for the possibility of a late-time phase transition such as that described in Scenario A. However, for ultralight axions, this scenario is excluded by relic density and tensor mode constraints, and so we expect to see no phase transition remnants such as "axion miniclusters" from large amplitude perturbations imprinted by the breakdown of the symmetry [52] , and no population of cold axions from string decays [10] . It is worth noting, however, that these conclusions can be substan-tially altered in non-minimal multi-field [53] and "clockwork axion" models [54] , and possibly also in the context of axion monodromy DM [55] .
If the symmetry is broken during inflation, Scenario B, and also in the light of a field theory, the axion particles can instead contribute to conform the totality of the CDM, provided the initial value of the misalignment angle is chosen appropriately. If in addition the variation of the axion mass with the temperature is sharp around the scale of the breakdown of the shift symmetry, T ∼ µ, we find that f a > 10
15 GeV neglecting a severe fine tuning initial condition; see the top-left quadrant of the right panel of Figure 2 .
Neither late time symmetry breaking of Scenario A, nor a T -dependent axion mass are expected for the abundant closed-string axions of string theory. The PQ symmetry is never linearly realized in 3+1-dimensions, and non-perturbative effects generically switch on at a UV scale Λ UV µ [14] . We thus expect ultralight string axions to live in the top-left quadrant of the left panel of Figure 2 , requiring larger values of f a > 10
16 GeV, which are otherwise obtained naturally in canonical small volume compactifications [35, 56] .
Axion couplings to ordinary matter scale as g ∝ 1/f a , and so the lower values of f a ∼ 10
15 GeV allowed by current cosmological observations would simplify direct detection (by e.g. CASPEr-Wind-like experiments [26, 34] ) when compared to previous estimates obtained under the harmonic potential approximation. The later onset of axion oscillations in low f a scenarios could also lead to interesting effects in structure formation on scales accessible to CMB lensing [7] , but probably at the expense of some desirable features in galaxy formation arising from the well studied zero-temperature potential. Isocurvature perturbations could be detected alongside effects on structure formation if H I ∼ 10 12 GeV, while an observation of tensor modes in the near future would seem to rule out the possibility of an ultralight axion DM component [22, 40] . A coupling of the axion to photons could also induce small-angle B-mode polarization via the birefringent effect, which dominates over lensing B-modes at small angular scales [57] The axion decay constant f a also sets the strength of axion quartic self-interactions, which affects the stability of nonlinear compact configurations known as "axion stars." Axion stars of masses above the critical value have been found to be unstable, ejecting a significant amount of their super-critical mass as relativistic axions [24, 25] . Such a process would convert a fraction of the total cold axion density generated through vacuum realignment into hot or warm DM. If super-critical axion stars can form in abundance, then this process could offer new constraints or observational signatures of the model.
In order to illustrate this possibility, let us consider the critical mass when applied to the axion star cores of DM halos. At redshift zero, numerical cosmological simulations point to a correlation between the core-and halo-masses in galaxies of the form [ 15 GeV, galaxy clusters not much more massive than our own Milky Way will contain unstable axion star cores, as pointed out in Ref. [24] .
To make f a as low as 10 15 GeV a combination of n 1 and a tuning of the initial misalignment to θ i − π ∼ 10
is required, see the top-left quadrant of the right panel of Figure 2 , thus suggesting that axion star instability in DM halo cores is on the edge of the allowed parameter space for m a ∼ 10 −22 eV. Another possibility to excite macroscopically the zero mode of a scalar particle, in this case thermally, is through the formation of a Bose-Einstein condensate in a universe with an asymmetry between the number densities of scalar particles and antiparticles [59] . We discuss this scenario in more detail in Ref. [60] . and comparing the results to those obtained under the harmonic approximation,
Heret,H, andm a are dimensionless quantities measured in units of m a , the mass of the particle at zerotemperature, and the dot denotes the derivative with respect to the normalized time. From now on and for convenience we will drop the tildes in the expressions below. Since for the masses of interest t osc is always sufficiently large in physical units, we can treat the number of relativistic degrees of freedom as constant in Eqs. (A1) and (A2). The temperature is then proportional to the inverse of the scale factor, T ∝ 1/a. During radiation domination a ∝ 1/t 1/2 , with the Hubble rate and the axion mass scaling in time like H ∝ 1/t and m a ∝ t n/2 , respectively.
The effect of the anharmonic corrections can be shown to lead an increasing time for the onset of field oscillations that is logarithmically divergent [42] :
where q(x) is a polynomial function of x = θ i /π, see below for details. The use of a polynomial argument instead of the original result derived by Lyth in Ref. [42] gives rise to the appropriate limiting behavior. We numerically solve the anharmonic and harmonic equations up to t f = 10t osc , well inside the adiabatic regime, such that the energy density, ρ = 2 +V (f a θ), in both cases scales as ρ ∝ a −3 and the ratio f na (θ i ) = ρ anh /ρ har remains constant (this is essentially the function F na in Eq. (14) with the T -dependent term factorized out). This ratio is then evaluated for a large number of values of θ i . The results are shown in Figure 3 for evolutions of the axion mass with temperature n = 0 and n = 4. Ref. [19] takes q(x) = 1 − x 2 . In Figure 3 we show the fitting function q(x) = 1 − x p for p = 2 and p = 4; this point to a better fit to our numerical results taking q(x) = 1 − x 4 . We use this choice in the main body of the text to compute the relic density, Eq. (9). 
Here M Pl is the Planck mass and a slow-roll parameter. (There is a small dependence of the power spectrum of curvature and tensor perturbations on the wavenumber k, however, this variation is not going to be relevant for our purposes in this paper.) The Planck collaboration [23] has reported curvature perturbations at fixed wavenumber k * = 0. 
In addition to curvature perturbations, the presence of light bosons during the epoch of inflation would leave isocurvature fluctuations on the power spectrum of primordial perturbations. For the case of a massless particle, like it would be the case for any pNG boson at the scale energy H I , we obtain [19] 
However, isocurvature perturbations are tightly constrained by the observations. For instance, Planck reports the absence of isocurvature perturbations with an adiabaticity factor
higher than α 0 (k * ) < 0.037 (B7) at 95%CL. Combining Eqs. (B2), (B5), (B6), and (B7) we obtain the upper limit
for the ratio of the scale energy of inflation to the scale energy of the spontaneous symmetry breaking multiplied by the initial misalignment angle.
[Note that similar values are also obtained using the results by the WMAP9 [61] collaboration combined with eCMB+BAO+H 0 : ∆ 2 R (k 0 ) = (2.464 ± 0.072) × 10 −9 , r(k 0 ) < 0.13, and α 0 (k 0 ) < 0.047, where now k 0 = 0.002 Mpc −1 and using the same interval of CL.]
